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Abstract: Let ir : V — > M be a (real or holomorphic) vector bundle 
whose base has an almost Frobenius structure (o M , e M , <7m) an d typical fiber 
has the structure of a Frobenius algebra (°v, e v,9v)- Using a connection D 
on the bundle V and a morphism a : V — > TM, we construct an almost 
Frobenius structure (o,ey,g) on the manifold V and we study when it is 
Frobenius. In particular, we describe all (real) positive definite Frobenius 
structures on V obtained in this way, when M is a semisimple Frobenius 
manifold with non-vanishing rotation coefficients. In the holomorphic set- 
ting, we add a real structure Um on M and a real structure ky on the fibers 
of 7r and we study when an induced real structure on V, together with the al- 
most Frobenius structure (o, ey, g), satisfy the t£*-equations. Along the way, 
we prove various properties of adding variables to a Frobenius manifold, in 
connection with Legendre transformations and tt*-geometry. 
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1 Introduction 



Frobenius manifolds were defined by B. Dubrovin [3J, as a geometrical inter- 
pretation of the so called WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equa- 
tions. They also appear in many different areas of mathematics - singularity 
theory [5], quantum cohomology [3] and integrable systems [7], providing 
an unexpected link between these apparently different fields. Rather than 
the original definition of Dubrovin, along the paper we shall use the follow- 
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ing alternative definition of Frobenius manifolds (the equivalence of the two 
definitions is a consequence of Theorem 2.15 and Lemma 2.16 of [B]). 

Definition 1.1) An almost Frobenius structure on a manifold M in one of 
the standard categories (smooth or holomorphic) is given by a (fiber preserv- 
ing) commutative, associative multiplication o on TM, with unit field e, and 
a metric g on M, invariant with respect to o ; i.e. such that 

g(X o Y, Z) = g(X, Y o Z) VX,Y,ZeX(M). 

2) An almost Frobenius structure (o,e,g) on M is called Frobenius (and 
(M, o, e, g) is a Frobenius manifold) if the following conditions hold: 

i) (M, o, e) is an F -manifold, that is, 

L XoY (o) = X o L Y (o) + Y o L x (o), WX, Y e X{M). 

ii) the metric g is admissible on the F -manifold (M,o,e) (i.e. the unit field 
e is parallel with respect to the Levi-Civita connection of g) and is flat. 

In flat coordinates {t l ) for the Frobenius metric g one may write 

d d d \ d 3 F 
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dP dP ' dt k J dPdPdt k ' 

for a function F, called the potential of the Frobenius manifold and defined 
up to adding a quadratic expression in t % . The asssociativity of o translates 
into the WDVV-equations for F: for any fixed i,j, k, r, 

a 3 F sm d 3 F = d 3 F sm d 3 F 

^dPdPdP 9 dt m dt k dt r ^ dt k 8Pdt s9 dVdtfdir' 

m,s m,s 

In examples arising from singularity theory, a Frobenius manifold comes 
naturally equipped with an Euler field. 

Definition 2. An Euler field on a Frobenius manifold (M, o, e, g) is a vector 
field E such that 

L E (p) = o, L E (g) = dg 
where d is a constant (equal to 2, when g(e,e) ^0). 

Outline of the paper. It is customary in modern mathematics to con- 
sider various geometrical structures on manifolds and to search for similar 
structures on related manifolds (like submanifolds, quotient manifolds, total 
spaces of vector bundles, etc). The starting point of this paper is a result 
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proved in Chapter VII of [10J, which states that there is a natural Frobe- 
nius structure on the product Mxl when (M, o,e,g) is Frobenius (K = R 
when M is a real manifold and IK = C when M is complex). It is usually 
referred as the Frobenius structure obtained by adding a variable to M, and 
has unit field (where r is the coordinate on K). It is important to note 
that the Frobenius metric on M x W is not a product metric, and neither 
the multiplication is a product multiplication. If E is an Euler field on M 
with L E {g) = 2g, then E + R (where R(p, T ) = tJ^, (p,r) G M x K is the 
radial field) is Euler on M x K. The overall aim of this paper is to develop 
generalizations of this construction. 

Section |2l intended mostly for completeness (only Proposition [6] is origi- 
nal) contains a brief account of the Frobenius structure (with or without an 
Euler field) obtained from a vector bundle with additional data (e.g. a Saito 
structure) and a primitive section [12]. Such a data appears naturally in the 
theory of isomonodromic deformations. Then we recall, following [TO] , the 
construction of adding a variable to a Frobenius manifold. With this prelim- 
inary background, we determine the general form of the Frobenius structure 
on M x W (r > 1), obtained by Legendre transformations and successively 
adding variables to a Frobenius manifold M (see Proposition [6]), this being 
a good motivation for our treatment from the following sections. 

The general set-up of the paper is a K-vector bundle n : V — > M, with a 
connection D, an associative, commutative multiplication o M on TM, with 
unit field e^, a similar multiplication o v on the fibers of V, with unit field 
ey G r(V), and a morphism a : V — > TM. From this data we construct 
a multiplication o on TV, with unit field ey (viewed as a tangent vertical 
vector field). Later on, we add to this picture an invariant metric gu on 
(M, o Ml eu) and an invariant metric gy on the fibers of V, and we construct 
a metric g on the manifold V. (The case when V is the trivial bundle of 
rank one, D is the trivial connection, a(ey) = eu and (M, o M , e Ml g M ) is 
Frobenius corresponds to adding a variable to M). We determine various 
properties of the structures on V so defined, as follows. 

In Section [3] we prove that (V,o,ey) is an F-manifold if and only if 
(M, o M , Cm) is an F-manifold, the connection D is flat, the multiplication o v 
is D-parallel and two other natural conditions are satisfied, namely conditions 
(|26|) and (I27p (see Proposition [7]) . We remark that the commutativity condi- 
tion ( 12"7|) is implied by ( |26|) . when the F- manifold (M, o M) cm) is semisimple 
(see Remark [8]). 

In Section H] we assume that (V,o,ey) is an F-manifold and we prove 
that g is an admissible metric on (V, o, ey) if and only if D(gy) = and the 
coidentity €m '■= 9m(&Mi ■) is closed (see Proposition [9]). 

In Section [5] we assume that (V, o,ey, is an F-manifold with admissi- 
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ble metric and that the base (M, o M , e M , g M ) is a Frobenius manifold and we 
show that the flatness of g (i.e. the only remaining condition for (V, o, ey, g) 
to be Frobenius) can be expressed in terms of a system of conditions for 
the morphism a, see Proposition [131 Our main result in this section is 
Theorem [14], which provides a complete description, in the real case, of all 
Frobenius structures (°,ey,g) on V, with positive definite metric g, when 
(M, o M , ejif, 9m) is a semisimple Frobenius manifold with non-vanishing ro- 
tation coefficients. It turns out that 

a = \®e M (1) 

with A G T(V*) a D-parallel section satisfying 

A(ey) = 1, X(vi o y v 2 ) = X(vi)X(v 2 ), Vni, v 2 G V. 

It would be interesting to understand if the morphism a must be of this 
form also in other signatures, or in the complex case. At the end of this 
section we return to the general picture (no semisimplicity assumptions) 
and we consider a class of Frobenius structures (o,ey, g) on the total space 
of the trivial bundle n : V = M x K' r — > M obtained from the data 
(D,o Mj e M ,o v ,e v ,a,g M ,g v ) as before, where the base (M,o M ,e M ,g M ) is 
a Frobenius manifold, D is the trivial standard connection and a is of the 
form ([1]) (see Theorem [T5|) . We study in detail this class of Frobenius mani- 
folds, in connection with Euler fields and Saito bundles (see Proposition [T8|) 
and we compute their potential (see Remark [T7I) . 

In Section [H] we return to the general setting of an holomorphic vector 
bundle 7r : V — > M with data (D, o M , e M , o v , ey, a, gM, gv)- Let o and g 
be the associated multiplication and metric on the manifold V, defined by 
this data. (We do not assume that {°,ey,g) is a Frobenius structure). In- 
stead, we assume that M has a real structure kM and the fibers of ir have 
a real structure ky. Using k M and k v we define a real structure k on V 
(which coincides with ku on the D-horizontal subbundle and with ky on 
the vertical subbundle). Our main result is Theorem |23j which states the 
necessary and sufficient conditions for the tt*-equations to hold on (V, 0, h) 
where (fixY = —X o Y and h(X,Y) = g(X,kY). Then we discuss an ex- 
ample where all these conditions hold (see Example ITT]) . Finally, we return 
to the Frobenius structure from Theorem [15] (with IK = C) and we show 
that imposing the tt*-equations in the framework of this section gives high 
restrictions on the geometry of the base (M, o M , e M ^ g M ) (see Proposition [28] 
and the comments before this proposition). 
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2 Legendre transformations and adding vari- 
ables to Frobenius manifolds 

Along the paper we use the following conventions. A K-manifold is a real 
manifold when I = 1 or a complex manifold when K = C. We denote by 
X(M) the sheaf of K- vector fields on a K-manifold M (i.e. smooth vec- 
tor fields, if M is a real manifold, or holomorphic vector fields, when M 
is a complex manifold). By a K- vector bundle we mean a real vector bun- 
dle (K = M) or an holomorphic vector bundle (IK = C). Unless otherwise 
stated, all objects we consider on C-vector bundles (e.g. sections, metrics, 
connections, Higgs fields, endomorphisms, etc) are holomorphic and for a 
complex manifold M, TM will denote the holomorphic tangent bundle and 
Q 1 (M, V) the bundle of holomorphic 1-forms with values in a C-vector bun- 
dle V — > M. In our conventions, the curvature R D of a connection D is given 
by R D (X, Y) = D X D Y - D Y D X - D [xx] . 

2.1 Frobenius structures from infinitesimal period map- 
pings 

Let 7r : V — > M be a K- vector bundle with rank(V) = dim(M), endowed with 
a connection V, a metric g and a vector valued 1-form G fi 1 (M, EndU), 
satisfying the conditions: 

# v = 0, rf v = O, V# = 0, 0A0 = O, <p* = <p, (2) 

where 

(0 A 4>)x,y '■— 4>x4>y — X,Y E TM 

and, for any X G TM, (f)* x G End(V) is the adjoint of <f) X G End(V) with 
respect to g. Assume, moreover, that there is a vector field e on M such that 
e = — Idy (where Idy is the identity endomorphism of V). Let ui G r(V^) 
(usually called a primitive section) be V-parallel such that the map 

r-TM^V, r{X) = -(j> x {oj) (3) 

is an isomorphism. Define a multiplication o on TM, with unit field e, by 

XoY=(^y 1 (cP X( f ) yC0). 
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Using we may transport the metric g and the connection V to a metric 
g^ and a connection V w on TM. It is easy to see that o is independent of the 
choice of primitive section, while for g w and V w the choice of u is essential. 
As proved by K. Saito [12], (M, o, e, g u ) is a Frobenius K-manifold, with 
Levi-Civita connection V w . 

Remark 3. In examples coming from singularity theory, the bundle V comes 
equipped with two additional endomorphisms, Rq and R^, satisfying the 
conditions: 

VR + = [</>, Roo], [Ro, 0] = 0, R* = Ro; 
VRoo =0, R* 0D + R 00 = -wld v , 

where w G K. If uj is homogeneous, i.e. R^iuS) = —qu for gGK, then 

■.= (rrHM")) 

is Euler for (M, o, e,g w ), with L E "(g w ) = (2(1 + g) — w) and 

:= {rr 1 o^ooof = - (i + g)w. 

The data (V, <p, g, Ro, -Roo) is usually called a Saito structure (of weight w) 
on V. 

2.2 Adjunction of a variable to a Frobenius manifold 

Following [10], we now recall that if (M, o,e,g) is a Frobenius K-manifold, 
then Mx lis also Frobenius, with unit field ^ (where r is the coordinate 
on K). In order to explain this statement, consider the direct sum bundle 
TM © L, where 

7T : L = M x K ->■ M (4) 

is the trivial rank one bundle. Fix v G K non-zero (seen as a constant section 
of L) and define a metric g on the bundle L by g(v,v) = 1. Let D be the 
standard trivial connection on L and V the Levi-Civita connection of g. 
Consider the Higgs field 

My)-=-XoY, X,YeTM, 

trivially extended, as a 1-form on M with values in End(TM © L). It is easy 
to check that the data 

(V L :=V©A g L :=g®g, <j> L := 0) (5) 
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on TM © L satisfies relations 02]), and so does the data 



(7T*(V L ) 



n*(g L ), </>' := n*{(f> L ) - dr ® Id^ (TMeL) ) 



(6) 



on 7r*(TM © L). Any Legendre field X on (M, o : e,g) (i.e. a parallel in- 
vertible vector field) determines a primitive section u := 7r*(X + v) for 
(tt*(TM © L), 7r*(V L ), ir* (g L ), ft). The isomorphism 

: T(M xl)4 tt*(TM © L), if(Z) = -<j>' z {u) 

is given by 



r(X) = n*(XoX ), r l ir )='ir*(X +v), X G TM (7) 



and the induced Frobenius structure (°' 1 ',|:,3' 1 ')o il ^ x ^ can be described 
as follows: 



for any X, Y G TM and 

grM = + dr © z e (c/ x °) + z e (</ x °) © rfr + (# x °(e, e) + l)dr © dr, (9) 



is the Legendre transformation of g by the Legendre field X . The Frobenius 
structure on M x K constructed in this way, with X = e, is usually called 
the Frobenius structure obtained from (M, o,e,g) by adding a variable ([10]. 
Chapter VII). 

Remark 4. If Xq is a Legendre field on a Frobenius manifold (M, o,e,g), 
then (M, o, e, g x °) is also Frobenius (see e.g. [1]). From (JSj) and (jHJ) we deduce 
that the Frobenius structure on M x K, obtained as above by using n*(Xo + 
v) as primitive section, coincides with the Frobenius structure obtained by 
adding a variable to the Legendre transformation (M, o, e, g x °) of (M, o, e, g). 

Remark 5. Assume now that the Frobenius manifold (M, o,e,g) has an 
Euler field E such that L^{g) = dg, for del, and let 





where 
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(X,Y) :=g(X oX,X o 



Y) 
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be the associated Saito structure on TM of weight w, where V is the Levi- 
Civita connection of g and <f>x(Y) := —X o Y is the Higgs field of the Frobe- 
nius manifold. Consider Rq and Roo as endomorphisms of TM © L, acting 
trivially on L. Then 

{n*(V L ), tt*(/), 0', R'^ R' ), (10) 

where 7r is the projection (j3J), V L , g L and 0' are defined as before by (J^J), ([6]), 
and 

is a Saito structure of weight w on tc*(TM © L). Remark that 7r*(e + v) is 
7r*(V L )-flat, and, moreover, it is an eigenvector of R'^ if and only if d = 2. 
Therefore, if d = 2, u := n*(e + v) is a primitive homogeneous section for the 
Saito bundle ir*(TM © L) with data (jTUJ). The induced Frobenius structure 
onMxK has an Euler field, namely E + R, where R( P , T ) '■= t-§^ is the radial 
field. This is because 

E + R=(t/j UJ )- l R' (TT*(e + v)), 
see Remark [3] and (J7J) (with X = e). 



2.3 Iterations 

In this section we determine the general form of the Frobenius structure 
obtained by Legendre transformations and successively adding variables to a 
Frobenius manifold, as follows. 

Proposition 6. The Frobenius structure on M x W (r > 1 ) obtained from 
a Frobenius K-manifold (M,o,e,g) by Legendre transformations and adding 
variables has multiplication o( r ) given by 

Xo(r) Y = XoY, IoWi = I, #° (r) ^ = 7T^ ( U ) 

on dTi dTj dr m - m{iJ} 

for any X, Y E TM, 1 < i,j < r, unit field and metric 

r r 

g (r) = g Zo + ^ (dr k © i e (g Zo ) + i e {g z ») © dr k ) + £ gffdn © dr j} (12) 

k=l i,j=l 

where Zq is a Legendre field on (M, o, e,g) and g^ are constants, satisfying 



$ = $ = 9 { l m>r , Vl<i,j<r. (13) 
Above (ri, ■ • • ,T r ) is the standard coordinate system ofW . 
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Proof. We only prove the statement for r = 2, the general case being sim- 
ilar. Let X be a Legendre field on (M, o 7 e,g) and (M x K, cX 1 ), c^ 1 )) 
the Frobenius manifold obtained by adding a variable to the Legendre trans- 
formation (M,o,e, g x °) of (M, o,e, g). Thus, from relations (JS} and flHJ) of 
Section [221 and ^ < - 1 ' ) are given by 

XoW Y = XoY, XoWl = loWl = X, * ( U ) 

OTi OTi OTi OTi OTi 

for any X, Y G TM and 



= <7 



Xq + dn <g> z e (# x °) + z e (# Xo ) (8) tZn + (g Xo (e, e) + l)dn <g) dr v (15) 



Let (M x K 2 , o( 2 \ c/ 2 )) be the Frobenius manifold obtained by adding a 
variable to (M x K, o^ 1 ), (<7^) z ), where Z is a Legendre field on (M x 
K, oW, We need to check that o^ 2 ) and g*- 2 -' are given by ffTTT) and 

fj!2p (with r = 2), for a Legendre field Zo on (M,o,e,g) which needs to be 
determined. It is easy to check the statement for o( 2 ). We only prove the 
statement for g( 2 > . In order to prove that g& i s 

of the required form, we first 
notice that Z, being a Legendre field on (M x K, oW, t^-,^ 1 )), it is parallel 
with respect to the Levi-Civita connection of g^ 1 ' and therefore it decomposes 
into a sum 

where Z™ is a vector field on M which is parallel with respect to the Levi- 
Civita connection of g x ° and c G IK (since g^ is given by (fl5|) . any parallel 
vector field on (M x K.,gV') is a sum of a parallel vector field on (M,g x °) 
and a constant multiple of -^j - this can be checked directly; see also Remark 
EH). 

With this preliminary remark, we now claim that is given by (Tl2"j) . 
with 

Z :=X o(Z™ + ce), (16) 

and that Z is a Legendre field on (M,o,e,g). We divide the proof of this 
claim in two steps: first, we prove that Z is Legendre on (M,o,e,g); next, 
we prove that g^ is of the form f lT2"j) . with Z given by ( TTB"j) . 

To prove that Zo given by ( Fl6|) is a Legendre field on (M, o : e,g), we 
recall that the Levi-Civita connections of g and g^ are related by a Legendre 
transformation 

\/9 x ° = X^ 1 o V 9 o X . 

Therefore, since Z™ is V ffX ° -parallel, so is Z™ + ce (because V 9 Xo = 0) 
and Zq, defined by ( JIB]) , is parallel with respect to V 9 . Moreover, it may be 
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checked that if W £ X(M x K) is the inverse of Z with respect to (which 
exists, because Z is Legendre on (M x K, oW, then the projection 

W™ of W to TM is a vector field on M and 

^™ + ~e) o (Z™ + ce) = e, 

(note also that c 7^ 0), i.e. Z™+ce, hence also Z , are invertible with respect 
to o. We conclude that Z is a Legendre field on (M, o, e, g), as required. 

It remains to prove that is given by (fl6i) . For this, we use relations 
([8]), ([9]) and that is the unit field for oW and we get: 

g (2) = ( (i))Z + dT2 ®i B (gM) z + ij^(g {l) ) z ®dT 2 +(gW{Z, Z) + l) dr 2 ®dr 2 . 

St 1 St 1 X ' 

(17) 

From (JUD, (USD and (ED, for any 1,7 G TM, 

</ 2 )(X, K) = gW(Z o« X , Z o« y) = ^ ((Z™ + ce) 2 oX,F), (18) 
because 

Z o« X = [z™ + c-^\ o« X = Z™oX + cX = (Z™ + ce) o X. (19) 
Thus, 

S (2) (*, y) = ^(Z oX,Z oY) = g z °(X, Y), MX, Y e TM. 
From (USD, (|nj and QUI]), 

* (2) (^) = (^) = t|t^° (1) n 

= g^\Z, (Z™ + ce) o Y) = g {1 \Z™ + C A (2™ + ce ) y) 

= ^((Z™ + ce) 2 ,y)=^(e,y) 

where in the second line we used ( fT9|) and that -^j is the unit field for 
and in the last line we used the definition ( TT5|) of g^\ The above computation 
also implies 

9 {2) ^ Y ) = (9 {1) ) Z (^ Y ) =9 Zo (e,Y), \/y G TM. 

We proved that <jr( 2 ) is of the form f[T2"j) . with r = 2, Z given by ( ITSj) and 
coefficients 

(2) - (2) ( A A^i - (2) ( A ( 2 ) A A^ - ( 2 ) vi< f 7 < 2 
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because S- = -= — ^ . Remark that g)f are constant, because 

OT % OTj C r min{i,j} •> 

and Z is Legendre (hence, parallel) on (M x K, oW, -^,gW). 

□ 

In the following sections we will search for more general Frobenius struc- 
tures on total spaces of vector bundles. 

3 Total spaces of vector bundles as F-manifolds 

Here and in the following sections we fix a K-vector bundle 7r : V — > M with 
the following additional data: 

• a connection D on V, which induces a decomposition 

T V V = T P M © V p , VveV (20) 

into horizontal and vertical subspaces. The horizontal lift of a vector field 
X G X(M) will be denoted X. When a longer term Expression is lifted 
to V, the lift will be denoted by [Expression] . Often sections of V will be 
considered (without mentioning explicitly) as vertical vector fields on the 
manifold V. Recall that 

[X,Y] v = [X,Y] v -R% tY v, VX,YeX(M), \/v E V (21) 

and 

[x, s] = D x s, vx e x(M), Ms e r(v). (22) 

• a (fiber preserving) multiplication o M on TM, which is commutative, 
associative, with unit eu £ X(M); 

• a (fiber preserving) multiplication o v on the bundle V, which is 
commutative, associative, with unit ey G r(V); 

• A bundle morphism 

:TM ®V ^TM, (X, v) -> G(X, v), 
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such that 

Q(X, e v ) = X, Vie TM. (23) 

We construct from the data (D,o Mj o v ,Q) a (fiber preserving) multipli- 
cation o on TV, as follows: 

X o Y :— [X o M Y) , V\ o V2 '■— V\ o v u 2 , v o X — X o v :— [Q(X,v)] 

where 1,7 6 T P M and v%, v 2 G V^>. From f )23|) . ey is the unit field for o. We 
also require that o is associative and commutative, which is equivalent to 

0(X, v) = X o M a (v), MX G TM, G V, 

with 

a : V -> TM, a(u) := 9(e M , v) 

satisfying 

a(t»i o v w 2 ) = a(vi) o M a(v 2 ), a(e v ) = e M - (24) 
Thus, o is given by 

XoY := [X o M Y] , V\ov2 '■— v±o v V2, voX := Xov = [a(v) o M X] . (25) 

Our main result from this section is the following. 

Proposition 7. The multiplication o defines an F -manifold structure on V 
( with unit field ey ) if and only if the following conditions are satisfied: 

1) (M, o M ,ej[f) is an F-manifold; 

2) the connection D is flat; 

3) For any D-parallel (local) section s G r(V), 

L a(s) (o M ) = 0. (26) 

4) If Si, S2 G r(V") are D-parallel, then so is s\ o v s 2 and, moreover, 

[a(s 1 ),a(s 2 )] = 0. (27) 

Proof. We need to show that 
L WloW2 (o)(W 3 , W 4 ) = Wi o L W2 (o)(W 3 ,>V4) + m o L Wl (o)(W 3 ,>V4) (28) 

for any vector fields Wi, W2, W3, W4 G «^(V), is equivalent to the conditions 
from the statement of the proposition. Suppose first that fl28l) holds and 
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let Wi = X, W 2 = Y, VV 3 = Z, W 4 = f be ^-horizontal lifts, where 
X, Y, Z,T G X(M). Using (T2T]) and the definition of o, one can show that 

L^-(o)(Z, f)=Xo Ly(o)(Z, f) + Yo (o)(Z, f ) 

if and only if 

RxoY,ZoT = 

and 

WN(2, T) = X o L Y {o M )(Z, T) + Yo L x (o M )(Z, T), 

i.e. Z) is flat and (M, o M , cm) is an F-manifold. Thus, the first two conditions 
from the proposition hold. Next, let Wi := X, >V 2 = s E T(V), W 3 = Z and 
W 4 = T. Using d2T} (with = 0) and ([22}, one can check that 

L^ os (o)(Z, f)=lo L s (o)(Z, f) + so Lx(o)(Z, f) 

if and only if 

L a (s) (°m)(Z, T) = -a(D Z0MT s) + T o M a(D z s) + Z o M a(D T s) , (29) 

which is equivalent to (J26J) (using that D is flat). Thus, the third condition 
holds as well. Consider now Wi = si, W2 = S2, VV3 = Z and W4 = T. Using 
again, one can show that 

L SlOS2 (o) (Z, f ) = Sl o L S2 (o) (Z, f) + s 2 o L ai (o) (Z, f ) 

if and only if 

D z (si o v s 2 ) = (-Dzsi) o y s 2 + Sl o v (D z s 2 ), (30) 

which is equivalent to D(si o y s 2 ) = 0, when D(si) = 0, % = 1,2 (again, 
because D is flat). Finally, let Wi := X, >V 2 = s 2 , W 3 = Z and W 4 = s 4 . 
Using that (M, o M , e^) is an F-manifold and it can be shown that 

L Xos 2 (°)(Z, s 4 ) = X o L S2 (o)(Z, a 4 ) + s 2 o L^(o)(X, s 4 ) 

if and only if 

[a(s 2 ),a(s 4 )] = a (-D a ( S2 )S 4 - J D a(s4) s 2 ) , 

i.e. the fourth condition holds as well. We have proved that if (V,o,ey) is 
an F-manifold, then all conditions from the proposition are satisfied. Con- 
versely, assume that all conditions are satisfied. Our previous argument 
shows that fT28|) holds when all Wj are horizontal, or when one is vertical 
and the other three are horizontal, or when two are vertical and two are 
horizontal. It is easy to check that (j28p holds also with the remaining type 
of arguments (i.e. three vertical and one horizontal, or all four vertical). Our 
claim follows. □ 
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Remark 8. When (M,o Mi cm) is semisimple, i.e. there is a coordinate 
system (u 1 , ■ ■ ■ , u n ) (called canonical) such that -S^ o M = Sy-^j, for any 
i,j, condition ( |26i) implies condition ( |27|) . The reason is that a vector field 
X on a semisimple F-manifold (M, o M , e^) satisfies Lx(°m) = if and only 
if it is of the form X = Y^=i afc af*' f° r some constants a& (see e.g. [1]). Any 
two such vector fields commute. 

4 Admissible metrics on (V, o, ey) 

We consider the setting of Section [3] and we assume that all conditions from 
Proposition [7] are satisfied, i.e. (V, o, ey) is an F-manifold. We now add to 
the picture a metric qm on M, invariant with respect to o M , and a metric gy 
on the bundle V, invariant with respect to oy. In the remaining part of the 
paper we assume that the (2, 0)-tensor field on the manifold V, defined by 

g(X,Y) :=g M (X,Y), g(v t , v 2 ) := £y(t>i, v 2 ), g(v, X) := g M (a(v), X), 

(31) 

for any X, Y 6 TM and v,Vi,v 2 € V, is non-degenerate. This is equivalent 
to the non- degeneracy of the metric gy — ofgu of the bundle V (easy check). 
Also, from (1241) and the invariance of gM and gy, the metric g is invariant on 
(V,o,e v ). 

Proposition 9. Assume that (V, o, ey) is an F-manifold. Then the metric 
g defined by l[3l\) is admissible on (V, o, ey) and only if D(gy) = and the 
coidentity €m '■= gu^M, ') ^ s closed. 

Proof. We first remark that the unit section ey G T(V) is D-parallel: this 
follows by taking the covariant derivative (with respect to D) of the equality 
ey oy ey = ey and using relation (130|) . Thus, 

[X, e v ] = D x {e v ) = 0, VlG AT(Af). (32) 

The Koszul formula for the Levi-Civita connection V of g, together with 
f!52"|) . a(ey) = e Af and R D = 0, imply that for any Y, Z G Af(M), 

g(Vy(ey),Z) = i (g M (VP(a(e v )),Z) - g M (V| f («(e y )), F)) = i(rfe M )(y,Z), 

where V M is the Levi-Civita connection of gM- Similarly, 

<7(V y (ey), s) = -g(V s (e v ), Y) = -D Y (e v ){s), g(V s e v , s) = 0, 
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for any s, s G T(V), where ey G r(V*) is the gy-dual to ey, i.e. 

ev(v) ■■= 9v(ev,v), Vt> G V. 

Thus, V(ey) = is equivalent to -D(ey) = and de^i = 0. Now, we claim 
that D(ey) = is equivalent to D(g v ) = 0. This is a consequence of the 
relation 

gv(si, s 2 ) = e v (si oy s 2 ), Vsi, s 2 G r(V) 

and the fact that if s\ and s 2 are D-parallel, then so is si o v s 2 (from Propo- 
sition [7]). Our claim follows. 

□ 

5 Frobenius structures on V 

We consider the almost Frobenius structure (o, ey,g) on V constructed from 
the data (D, o Ml e^, oy, ey, g^, gy) as in the previous section, and we assume 
that (V,o,ey,g) is an F-manifold with admissible metric (hence the condi- 
tions from Propositions [7] and [9] are satisfied) and the base (M, o M) eM, 9m) is 
a Frobenius manifold. In this section we compute the curvature of g and we 
find conditions on the morphism a which insure that g is flat, or (V, o, ey, g) 
is Frobenius. Our main result is Theorem [HJ which describes all real Frobe- 
nius structures (°,ey,g) on V, with positive definite metric g, when M is 
(real) semisimple with non-vanishing rotation coefficients. 

We begin by computing the Levi-Civita connection of g. 
Lemma 10. The Levi-Civita connection V of g is given by 
g(V Y X,Z) = g M (V Y I X,Z) 

g(VyX,s) = g M (Vy*X,a(s)) + \ (g M (Vf D (a)(s), Y) + g M (V^ D (a)(s), X)) 
g(V Sl X,s 2 ) = 

g(V s X,Y) = ~ (g M {Vf D {a){s),Y) - g M (V^ D (a)(s),X)) 

V x s = V S X + D x s 
V Sl s 2 = 0, 

for any vector fields X,Y,Z G X(M) and sections s,Si,s 2 G T(V). Above 
V M is the Levi-Civita connection of gu, the morphism a is viewed as a 
section ofTM®V* and V M ' D is the product connection V M ®D on TM®V*. 
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Proof. The proof is a straightforward computation, which uses the flatness 
of D (which implies [X, Y) — [X, Y), for any X, Y G X{M)) and D(g v ) = 
(from Proposition [9]). 

□ 

Remark 11. In the above lemma, assume that V M,D (a) = 0. Then a vector 
field is V-parallel if and only if it is of the form X + s, where X is V M -parallel 
and s is a D-parallel section of V, viewed as a tangent vertical vector field 
on V; since gu and D are flat, locally there is a maximal number of parallel 
vector fields on (V, g) and g is flat as well. This applies to the particular 
case when V is the trivial bundle of rank one and the almost Frobenius 
structure on V is given by adding a variable to (M, o M , e M , 9m)] in this case, 
a(e v ) = e M and thus V M ' D (a) = (because V M {e M ) = and D(e v ) = 0). 

Next, we compute the curvature of g. For this, we first introduce new 
notations, as follows. For a tangent vector W G T V V, we denote by W hor 
and W vert its horizontal and vertical components with respect to the decom- 
position 

T V V = T p M © V p 

induced by the connection D. From the definition of g, a tangent vector 
W G T V V belongs to (TpM) 1 - (i.e. is g-orthogonal to T P M C T V V) if and 
only if 

W = -«(W vcrt ) + W vert . (33) 
Similarly, W G (Vp) 1 - (i.e. is g-orthogonal to V p C T V V) if and only if 

<? M (W hor , a(w)) + g v (W vcr \w) = 0, Vw G ^. (34) 

Lemma 12. T/ie curvature i? v of the metric g has the following expression: 
for any V M -parallel vector fields X, Y, Z,T G X(M) and D-parallel sections 

s, si, s 2 g r(v), 
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R^(X,Y,Z,f) = (g v - a*g M )((V x Z)^\(Vyfy^) 

- (9v - a*g M )((V Y Z)™\ (V^T) vcrt ); 

i? v (l,y,Z, s ) = \ (g M (V^(a(s))\,Y) -9M{V^{a{s))\,X)) 
+ (g v - a*g M ) ((V X Z)™\ (V y s) vcrt ) 

- (9v ~ otg M ) ((V y Z) vcrt , (V^) vcrt ) ; 

R*(X,Y, Sl ,s 2 ) = -gM((VyS 1 ) ho \(V x s 2 ) h n+gv((V x s 2 y c "\(VyS 1 r^ 

+ ^/((V^) 1 - (V y s 2 ) hOT ) - g v ((V Y s 2 y cr \ (V^ Sl ) vert ); 
i? v (X, Sl , f, s 2 ) = gv ((v x s 2 )™\ (v si iy crt ) - £ M ((V Sl f ) hor , (V^ 2 ) hor ) 
i? v (si,s 2 )(s) = 0. 

Proo/. We compute R V (X, Y, Z, f ), where X, Y, Z, T e #(M) are V M - 
parallel, as follows: 

i? v (l, Y, Z,f)=g (v x V Y Z - V Y V X Z - V {X>Y] Z, t) 

= Xg (VyZ,f) -^(Vy^Vjpf) 

(v^z,f)+^(v^z,v y f) 
= -<? (v y z, v^t) + <? (v*z, v y r) , 

where we used that V Y Z, V X Z are ^-orthogonal to TM (from Lemma [TU]) 
and [X,Y]=0, because R D = and [X, F] = 0. Thus: 

f? v (l, 1, f ) = -g(V Y Z, V x f) + g(V x Z, V y T). (35) 
On the other hand, since V Y Z and V X T are ^-orthogonal to TM, from (1331) . 

(V y Z) hor = -a((V y Z) vert ) (36) 
and similarly for V^T. We obtain: 
<?(V y Z, V^T) = g(V Y Z, (V x f) ho < + (V x f ) vert ) 

= 5 ((V y Z) hor + (V y Z) VCI \ (V*T) vert ) 

= ^ M ((V y Z) hor , a((Vjff ) vcrt )) + g v ((V Y Z)™\ (V x f ) vcrt ) 
= (^ - a^ M )((V y Z) vcrt , (V*T) vert ), 
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where in the last equality we used ( 13T)j) . Combining this relation with ( 13"o"|) 
we obtain R^ 7 (X ,Y , Z ,T), as required. The remaining expressions of the 
curvature can be obtained in a similar way. □ 

In the following proposition we determine a set of conditions on the mor- 
phism a which are equivalent to the flatness of g. 

Proposition 13. Assume that (V, o, ey,g) is an F-manifold with admissible 
metric. Let {v\, ■ ■ ■ ,v r } be a local frame of V, orthonormal with respect to 
gv — otgu, and Xi, ■ ■ • , X n a local frame of TM, orthonormal with respect 
to gM- Define e« := (gv — ac*gM)(vi, Vi) and ej := g(Xj, Xj) (thus, = ij = 1 
in the complex case or when both gu and gv — o*gu are positive definite). 
The metric g is flat (and (V, o, ey, g) is Frobenius) if and only if the following 
conditions hold: 

1 ) for any vector fields X, Y, Z,T G X(M), the expression 

r 

Sx(X,Y,Z,T) :=J> {g M {Vf D {a){v i ) : Z)+g M {Vf D {a){v i ),Y)) 
(g M iyf° (a) («.) , T) + g M (W M (a) («,) , X)) 

is symmetric in X and Y. 

2) for any (local) V M -parallel vector fields X,Y,Z G X(M) and D- 
parallel section s G r(V), the expression 

r 

S 2 {X,Y,Z,s):=Y,^d(a(sf)(a(v i )X) (gM{Vf D {a){v i ),Z) + g M {Vf D {a){v i ),X)) 

8=1 

(where the % " denotes the g^-dual 1-form) satisfies 

S 2 (X, Y, Z, s)-S 2 (Y, X, Z,s) = 2 (g M p7?V%(a(s)),X) - g M (V™V™ (a(s)), Y)) . 

3) for any vector fields X, Y G X(M) and (local) D-parallel sections 
s,~seT(V), ' 

n 

{da(sf) (Y,Xj) (da(s) b ) (X,Xj)+ 

3=1 

r 

<k (da(sf) (Y, a(vi)) (da(s) b ) (X, a( Vi )) = 0. (37) 
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Proof. From Lemma [TUj relation f[3"3"j) and (13~4"|) . for any (local) V M -parallel 
vector fields X, Y, Z G A'(M) and D-parallel (local) section s e r(V), 



(V^F) vcrt = ^ M (V^ D (a)K-),y) +^(Vf°(a)K),X)) t;,; 

8=1 

(V^) hor = -\j2 £i (gM{Vf D {a){n^Y)+g M {V^ D {a){ Vl ),X)) a( Vl ); 
i=i 

(V s X) vcrt = \Y^e l {da{s)'){a{v,),X)v l - 
i=i 

1 1 n 

(y s xf ov = f?% («(*)) 4E^( v "i(°W)-^ 

1 r 

+ - 2j Q(<ia(s) b )(^, a(^))a(wj). 



2 

i=i 

Plugging these relations into the expression of i? v from Lemma [531 we readily 
get our claim. □ 

After this preliminary material, we can now prove our main result from 
this section ( Theorem [HI b elow) . It turns out that if the base (M, o A/ , eu, gu) 
is a semisimple Frobenius manifold, the third condition of Proposition [T31 
simplifies considerably and allows, in the real complete description of 

all Frobenius structures on V, with positive definite metric, obtained by our 
method. Recall first that for a semisimple Frobenius manifold the metric is 
diagonal in canonical coordinates (it 1 , • ■ ■ , u n ) and may be written as in (J38]) 
below, in terms of a single function 77, called the metric potential (to simplify 
notations, we denote by rj k the derivative J^-; similarly, rjij denotes d ®ig uj , 
etc). For more details about semisimple Frobenius manifolds, see e.g. [9]. 

Theorem 14. Let (M, o M , e M , g M ) &e a rea/ semisimple Frobenius manifold 
with metric 



g M = ^ Vkdu k <g> du k (38) 



fc=i 



and non-vanishing rotation coefficients 7jj = . Lei V — > M be a real 

vector bundle with a structure of Frobenius algebra (°y, ey, <?y) along the 
fibers. Let D be a connection on V and a : V — > TM a morphism such that 

a(e v ) = e M , a(v a o y u 2 ) = o M a(v 2 ), V^iijeV. (39) 
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Then the almost Frobenius structure (o,ey,g) on V defined by this data (see 
relations ( H5p and l[JJ\) ) is Frobenius with positive definite metric if and only 
if the following facts hold: 

1) the connection D is flat and the Frobenius algebra (o Vl ev,gv) is D- 
parallel; 

2) the endomorphism a is given by 

a = A <g> e M (40) 
where A G T(V*) is D-parallel and satisfies 

X(e v ) = l, Hs 1 o vS2 ) = \(s 1 )\(s 2 ), y Sl ,s 2 eT{V). (41) 

3) rjk > for any 1 < k < n and gy — (J2k=i Vk) A® A are positive definite. 



Proof. Recall, from Propositions [7] and M and Remark [HI that (V,o,ey,g) is 
an F- manifold with admissible metric if and only if D is flat, the Frobenius 
structure (oy, ey, gy) along the fibers is .D-parallel and the morphism a maps 
any (local) D-parallel section s to a vector field which has constant coeffi- 
cients in a canonical coordinate system of (M, o M ,e M ). Moreover, remark 
that g is positive definite if and only if g M is positive definite (i.e. r/ k > for 
any 1 < k < n) and gy — a*gM (which is equal to gy — (Xwb=i Vk) A ® A when 
a given by (14*01 ). is also positive definite. Therefore, it remains to check that 
the flatness of g determines the morphism a as in (|40l) . For this, we use the 
third condition of Proposition [TBI with = €j = 1. For any D-parallel local 
sections s, s G T(V), 

n d n d 

k=l k=l 

for some constants ak.cik- In relation f[37j) . let X := -J^ and Y := It 



can be checked that with these arguments, relation f[37|) becomes 



W ^S-a g )(a i -a p )+ 



r / n 

£ £(° s ~ a q )Vsqdu s (a(vi)) £(a< - a^rjtpdu 1 \a{vi)) = 0. (43) 



i=l \s=l / \t=l 
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In (J4"3j) let p — q and s = s. We obtain: 

^ — (oj - a P ) 2 + X] I ~ a P )Vpsdu s (a(vi)) j = 0. 

i=l ^ »=1 \s=l / 

Since rj p j are non- vanishing and r^- > {qm being positive definite), we deduce 
that a,j = a p for any 1 < p,j < n, i.e. 

a(a) = A(s)e M , 

where A(s) is a constant. It follows that A G T(V^*) is D-parallel. From the 
algebraic properties fl39l) of a, we obtain (|4T|) . Conversely, if a is of the form 
flUD, with A G r(V*) D-parallel and satisfying (JH]), then V M ' D (a) = 0, all 
three conditions from Proposition [13] hold and the metric g is flat. Our claim 
follows. 

□ 



5.1 A class of Frobenius manifolds 

In this section we study a class of Frobenius structures on the product MxK 
where M is Frobenius. It is given by the following theorem. 



Theorem 15. Let (M,o Ml eM,9M,E) be a Frobenius manifold with Euler 
field such that Le{9m) = ^Qm- On the vector space W consider any bilinear, 
commutative, associative multiplication o v , with unit ey, and o v -invariant 
metric gy. Let A G (K r )* such that 

X(v oy w) — X(v)X(w), Wv,w£K r , X(ey) — 1. 

Define a multiplication o on T(M x K r ) by 

X o Y := X o M Y, v o w := v o v w X o v := X(v)X, 

where X, Y G T p M, v, w G T^W = W , and a metric g on M x W by 

g(X,Y) = g M (X,Y), g(v,w) = g v {v,w), g(X, v) = \(v)g M (X, e M )- 

(44) 

If the bilinear form 

9m,v ■= 9v - gu{e M , e M )X <8> A (45) 

on C r is non- degenerate, then (M x W, o, ey, g) is a Frobenius manifold, 
with Euler field E + R (where R(p,T>) = Y^k=i Tk !fk ^ s ^ e m ^ a ^ fi e ^)' an< ^ 
L E +R(g) = 2g. 
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Proof. The claim that (M xK r ,o,ey,g) is Frobenius is straightforward, from 
Propositions [TJ M and [J3J with 



n:V = MxK r ^ M, n(p, r u ■ ■ ■ , r r ) = p 

the trivial bundle, D the trivial standard connection and a : V — > TM given 
by a(v) = X(v)eM, for any v G = K r . The statement involving the Euler 
fields can be checked directly. □ 

Remark 16. We remark that the Frobenius structure from the above theo- 
rem is more general than those provided by iterations of adding a variable to 
a Frobenius manifold (see Proposition E]) • The reason is that the multiplica- 
tion o v on W from the above theorem can be chosen arbitrarily (as long as it 
is commutative, associative, with unit), while in Proposition |6]the multiplica- 
tion o r restricted to vertical vectors ^- has a very precise form (in particular, 

it is semisimple, with canonical basis {w\ := -£r,W2 ■= ^ — ' > Wr := 

Jl §-\) 

Remark 17. It is easy to relate the potential Fm of the Frobenius structure 
on M to the potential F of the Frobenius structure on M x K r , from Theorem 
[TSI If (f) are flat coordinates for the metric qm, then (t*,T J ') (with (r J ) the 
standard coordinate system of W) are flat coordinates for g and one may 
check that 

F(t\ t>) = F M (f ) + i f £ \ s r)j (j2 n-ji'i) A ^ rV 



2 \ ^— ' I \ / 2 

,s=l / \i,j'=l / \s,k=l 




s,k,j 



where 



d d \ . . / d \ . . f d d 



o 



9 9 d \ ( d 



are all constants. 

Now we show how the Frobenius structure on M x K r from Theorem [15] 
can be obtained from a Saito bundle. We denote by 4> M and <p v the Higgs 
fields determined by o M and oy, i.e. 

^(y) = -Io M F, ^(w) = -i)o v ic, VI,F6TM, Vo.wGT, 
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considered as 1-forms on M with values in End(TM©y) (acting trivially on 
V and TM, respectively). Using <j> M and <p v we define an End(7r*(TMffi V))- 
valued 1-form <p M,v on M x K r , which, at (p, r) G M x W, is given by 

0f y (vr* W ) = tt^H, </»f' y U*rM = -A(v)Id ff . TA f, 
for any 1,7 G T p M and v, w G T^K r = K r = V p . 

Proposition 18. On ffce frund/e tt*(TM © V) ->■ M x K r consider the fol- 
lowing data: 

1) the Higgs field (j) M ' v ; 

2) the connection 7r*(V M © D), where V M is the Levi-Civita connection 
of gu and D is the standard trivial connection on the bundle V; 

3) the metric TT*(gM © 9uy), where guy, defined by fcflfy , is considered 
as a (constant) metric on the bundle V ; 

4) the endomorphism R' G End (tt*(TM @V)), which, at a point (p, f) G 
M x K r ; is defined by 

(R' ) {PtTl (n*X) := n*(X o M E M ) + A(t)tt*X, 
( R 'o)(P,?)( n * v ) '■= k*(vo v t), 
for any X G T p M and v G V p = W . 

5) the endomorphism R'^ G End (n*(TM © V)) defined by 

R'oo\-k*TM '■= 7T*(V M E — H™), -R'ooU-V — 0. 

Then n*(TM © V) with this data is a Saito bundle of weight zero. The 
Frobenius structure from TheoremXTR can be obtained from this Saito bundle, 
by choosing vr*(ej\,f + ey) as a primitive homogeneus section. 

Proof. The proof is straightforward and we omit the details. We only remark 
that 7r*(eM + ey) is 7r*(V M © -D)-parallel, belongs to the kernel of R'^ (hence 
is homogeneous), and the map 

-0 : T(M x K r ) — >■ tx*{TM © V), Z if>(Z) := -<f> z (7r*(e A/ + e v )) (46) 

is given by 

ipfrrt {X) = n* (X) , V( Pl r) (v) = rr* (X(v)e M + v) , (47) 
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for any X G T p M and v G T?W = W = V p , and is an isomorphism. 

□ 

Remark 19. In the setting of Proposition [TSJ assume that V = L is trivial of 
rank one. Changing the trivialization of V if necessary, we may assume that 
ey (viewed as a vector field on V") , is . Then A = dr and a = dr <g> cm ■ Let 
gv be defined by gv(ev, ey) = 1 +gM{eM, e u)- The resulting Saito structure 
from Proposition [IS] coincides with the Saito structure from Remark the 
latter with d = 2, to = 0, v — ey and g '■= gv ~ 9M{ e Mi e A/)A (8> A. Therefore, 
the above proposition is a generalization of adding a variable to a Frobenius 
manifold, using abstract Saito bundles. 

6 W*-geometry on V 

The t£*-equations may be defined on any holomorphic vector bundle (with a 
pseudo-Hermitian metric and holomorphic Higgs field), but in our consider- 
ations we shall only consider them on the holomorphic tangent bundle of a 
complex manifold. 

Notations 20. In this section we use slightly different notations from those 
employed until now. The reason is that the tt*-equations involve vector fields 
of type (1, 0) and (0, 1) as well. In order to avoid confusion, the holomorphic 
tangent bundle of a complex manifold M will be denoted by 1 ,0 M (rather 
than TM, how it was denoted before). The sheaf of smooth (respectively 
holomorphic) vector fields will be denoted by Tlf (respectively, 7m). For an 
holomorphic vector bundle V — > M, T(V) will denote, as before, the sheaf 
of holomorphic sections of V. 

We begin by recalling the tt*-equations. 
6.1 The ££*-equations 

Given a complex manifold M together with an (associative, commutative, 
with unit) multiplication o on T 1,0 M and a pseudo-Hermitian metric h, the 
tt*-equations are the followings: 

(d D <P) Zl ,z 2 = 0, R% u2a + [</> Zl , 4j = 0, Z u Z 2 G T lfi M 

where 

(d D (j))z 1 ,z 2 ■= D Zl {(f>z 2 ) ~ Dz 2 {(j} Zl ) ~ 0[Zi,z a ]- 

Above (f) G f2 1,0 (M, EndT 1,0 M) is the Higgs field determined by the multi- 
plication, i.e. <f>x(X) := -X oY, 0t e fi Q > 1 (M, EndT 1,0 M) is the /i-adjoint 
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of cj) and D is the Chern connection of h. In our considerations, the pseudo- 
Hermitian metric will be given by h(Zi, Z 2 ) = g{Zi, kZ 2 ), where g is a (mul- 
tiplication) invariant metric on T 1,0 M and k : T 1,0 M — > T 1,0 M is a real struc- 
ture, compatible with g, i.e. g{kZ\, kZ 2 ) = g(Zi, Z 2 ), for any Z\, Z 2 e T 1,0 M. 
(Recall that a real structure on a vector bundle is a fiber-preserving complex 
anti-linear involution). In this case, cjr^ = k(pzk, for any Z G T 1,0 M. The 
compatibility condition insures that h defined as above in terms of g and k 
is indeed a pseudo-Hermitian metric. 

Example 21. On any semisimple complex Frobenius manifold (M,o,e,g) 
one can define a diagonal real structure, such that the t£*-equations hold (see 
Theorem 2.4 of [8]). More precisely, let rj be the metric potential in canonical 
coordinates (u 1 , ■■■ , u n ), i.e. g ^j) = 5^, for any i,j (with rfr = 

Define a real structure on T 1,0 M, compatible with g, by k (^r) = f° r 
any i. The Chern connection D of the associated pseudo-Hermitian metric 
h = g(-, k-) is given by 



and one may show that the t£*-equations hold. Remark that in this example 
the second tt* -equation decouples: D is flat and the Higgs field commutes 
with its /i-adjoint. Other examples of £t*-structures may be constructed on 
the base space of the universal unfolding of various Laurent polynomials [TT] . 
There is also a real version of the £t*-equations, which relate harmonic Higgs 
bundles with special geometries, see e.g. [T| [15] . 

6.2 The main result 

Let 7r : V — > M be an holomorphic vector bundle whose base has an holo- 
morphic Frobenius structure (o M , cm, 9m)i the typical fiber has a Frobenius 
algebra (cy,ey, gy), and which comes equipped with an holomorphic con- 
nection D and an holomorphic morphism a : V — > T 1,0 M, preserving the 
multiplications and the unit fields. Let o and g be the induced multipli- 
cation and metric on the manifold V, defined as usual by (j2"5T) and (13B . 
We denote by 0, M and (p v the Higgs fields associated to o, o M and o v 
respectively. 

Assumption 22. In the following considerations, we assume that (V, o, ey) 
is an F-manifold, i.e. all conditions from Proposition [7] are satisfied - in 
particular, D is flat. (This assumption is not restrictive: our goal is to 
construct solutions to the £f -equations on (V, o, ey,g); but, as shown in 
Lemma 4.3 of [5], the first tt*-equation implies the F-manifold condition). 




-1,0 

M ) 



1 < % < n 



(48) 
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Let ku be a real structure on T 1,0 M, compatible with g M and hu '■ = 
9m{'i kw) the associated pseudo-Hermitian metric. Similarly, let ky be a real 
structure on the bundle V, compatible with gy, and hy := gy(-, ■). Using kM 
and ky we construct a real structure k on T 1,0 V, which on the D-horizontal 
subbundle of T 1,0 V coincides with ku and on the vertical subbundle coincides 
with ky. We assume that 

a o ky = k M o a (49) 

which means that k is compatible with g (easy check). Let h := g(-,k-), 
given by 

h(X, Y) = h M (X, Y), h(X, v) = h M (X, a(v)) 
h(v u v 2 ) = h v (vi, v 2 ), h(v, X) = h M (a(v),X), 

for any X, Y G Tp ,0 M and v,Vi,v 2 E V p (p E M). Our main result is the 
following. 

Theorem 23. In the above setting, the tt* -equations hold on (V, o, h) if and 
only if they hold on (M, o M , hu) and the following additional conditions are 
true: 

i) for any local D -parallel section s G r(V), 

D^(a(s)o M Z) = a(s)o M D^(Z), VX,ZeT M , (50) 
where D M is the Chern connection of Km', 

ii) The (1,0) -part of the Chern connection D v of hy is related to D by 

D v x s = D x s + (D v x e v )o v s , VXeT M , Vs G r(V); (51) 
Hi) for any X G 7m and s, s±, s 2 G r(V), 

[<%, k M ^ (s) k M ] = o, [<, kvtXM = °; ( 52 ) 

w) For any 1,7 6 7m and s, si G r(V), 

h v (^R x ^yS,s^ - h M (R^.a(s),a(s 1 ) > j = 

h M (v x (a)(s),D^(a(s 1 )) - a(D^ v Sl )) , (53) 

where D M,V is the Chern connection of hy — a*hu and 
V x (a)(s):=D^(a(s))-a(D x s). 
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We divide the proof of the above theorem in two stages. In a first stage, 
we find the conditions for the first t£*-equation to hold on (V, o, h) (see Propo- 
sition |2l]). In a second stage, we compute the curvature of the Chern con- 
nection of h (see Lemma 125]) . This will readily imply the conditions for 
the second t£*-equation to hold on (V,o,h) and will conclude the proof of 
Theorem [221 Details are as follows. 

Proposition 24. The first tP '-equation holds on (V,o,h) if and only if it 
holds on (M,o Ml h M ) and conditions and K51\) are true. 

Proof. Let D c be the Chern connection of h. Using the relation 



for any s, Si,s 2 G T(V) and X, Y G Tm ■ Using these relations, together with 



Wih (W 2 , W 3 ) = h (D c Wi (W 2 ),m) , VW, e T v 



we obtain the expression of D c as follows: 



D\Y = [D%Y], h fas, Y) = h M (D$(a{s)),Y) 
D C S Y = D c si s 2 = 0, h (D^s, Sl ) = h v (D x s, Sl ) , 



(54) 



(0 0)wi,Wa — ^VVi(^W 2 ) — D^ 2 ((f) Wl ) — 0[Wi,W a ] 



and the flatness of D, we obtain 



(d DC <P)x, Y (s) = [(d DM ^[ s) ) x , Y ] - XoD^s + YoDis 
(d DC <P) Sl , S2 (Z) = (d DC <j ) ) Sl , S2 (s) = 



for any X, Y, Z G Tm, s, s± G r(V), where 



(a(s) o M y) + DP (a{s) o M X) + a{s) o M [X, Y). 



If, moreover, si is D-parallel, then 



(d DC <P) Sl ,x( Z ) = l D x («(*i) o M Z) - a( Sl ) o M D$(Z)] 

(d DC 4>) sl M s ) = D x( s °v Sl )- Sl oDy. 
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It follows that d° c ' <p = if and only if d D (fi M = 0, relation (|5U)) holds and 
the following two relations hold as well: 

D c x (s o v si) - si o D c x s = 

-XoD y s + Y oDp = 0, (55) 

for any X,7 6 7a-/, s, Si G and -D(si) = 0. In the remaining part of the 

proof we assume that d D <p M = and that relation (I5UI) is true and we show 
that relations (155)) are equivalent to (15T)) . We begin with the first relation 
(1551) . Notice that: for any s 2 G T(V), 

h (s 1 o D c x s, s 2 ) = g (D^s, Si o k v (s 2 )) = h (D%8, k v (s 1 o v k v (s 2 ))) 

= h v (D x s, k v (si o v k v (s 2 ))) = g v (D x s, s x o v k v (s 2 )) 
= h v (s 1 o v D x s,s 2 ) , (56) 

where we used (151)) . Also from (151)) . 

ft (£>£(a o Sl ), s 2 ) = h v (D x (s o v 8l ) , s 2 ) . (57) 

Combining (I56p and (1571) we obtain 

h (D c x (s o v si) - si o D c x s, s 2 ) = h v (D x (s o v s x ) - s 1 o v D x s, s 2 ) . (58) 

A similar computation shows that 

h [d\(s o v Sl ) - Sl o D c x s, Z) = h M (a(s o v Sl )) - «( Sl ) o M D#(a(s)), Z) , 

which follows from ([50]) . We proved that the first relation (1551) gives 

D v x {so vSl ) = {D v x s)o vSl , (59) 

for any X G 7m , s, S\ G r(V) with D(si) = 0, and this is equivalent to ([51)1 
(easy check). It remains to consider the second relation (155)) . For this, one 
shows that 

h (x o D c 9 s, s 2 ) = h M (X o M Dy (a(s)) , a(s 2 )) 
h (jt o D c Y s, Z) = h M (X o M Dy («(s)) , Z) 



{d DM € is) ) 
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which imply 



(0 



D M ,M \ 
)D M iM 



X ' 



h M [(d u <f> M ) XjY (a(s)),a(s 2 ) 



(d D € { s))x,y\ -XoD c t s + Yo D^s, Z 
= h M ((d DM <p M ) x , Y (a(s)),z'), 

for any X,Y E T^f and s,Si,S2 G F(V), with D(si) = 0. Thus, the second 
relation (155]) is a consequence of the first tt*-equation d D 4> M = 0. Our claim 
follows. 

□ 

Lemma 25. The curvature of the Chern connection D c ofh has the following 
expression: for any X,Y, Z G 7m and s, Sx,S2 G r(V) ; 



R D x M yZ\ , h (R^s, Z) = h M (i§Ja(«), z) 



R D ^Z 

X,Y 

RKY = R°\Y = R D *Y = R D \s = R x \ s = R°°s = 

X.s s l> s 2 s-, X X ,si si,S2 



s,X 



and 



(60) 



Proof. We only show fl60l) . the other components of R° c can be obtained by 
straightforward computations, using fl54|) . To prove fl60|l . one first notices, 
from 

h(p C xS,Z) =h M (D x I (a(s)),Z), h{D c jc s,s 1 ) = h v (D x s, Sl ), 

that 

D\s = s + X 

where so is a section of V (not necessarily holomorphic), determined by 

(h v - Q*h M ) (s Q , si) = h v (Dxs, si) - h M (Djjf (a(s)), a(si)) , (61) 
for any si G F(V), and X G 7^'° is determined by 

h M (X , Z) = h M (D^(a(s)), Z) - h M (a(s ), Z), (62) 
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for any Z 6 7a/- Now, 

h (R^ Y s, sij = -h (dfrDgS, si) = -h v (B Y s , si) - h M (B Y X , a(si)) , 

(63) 

where in the first equality we used that X, Y G 7m and the flatness of 
D (hence [-X", Y] = 0), and also that s is holomorphic (hence B Y s = 0). 
Therefore, we need to compute B Y s and B Y X . By applying B Y to (EE}, it is 
easy to see that 

(h v - a*h M ) (<9ys ,si) = h M (R%^a(s), a(si) ) - /iy fi^s, «ij 

+ fc M (i}f(a( S )),a(/J?>%) - I#(a(*i))) 
+ h v {D v x s, Dy~ Sl - D^' v Sl ) . (64) 

Similarly, one computes, 

h M (B Y X , Z) = -h M \ R^a(s),z) - h M (a(B Y s ),Z) . (65) 
Combining this relation with fl63|) . we obtain 

h [R^ y s, si J = -/iy (<9ys , si) - h M (B Y X , a(si)) 
= (-/i v + a*/i A f) (<9ys , si) + /i M (^Rx^(s), a(si) 
or, using (1641) . 

(^ y s,si) = -/iy £>£ Sl ) + /i M (Di f (a(s)),Df (a( Sl ))) 

+ h v (Rfys, si) . (66) 

Denote by E\ and E 2 the term on the first line, respectively the second line, 
on the right hand side of fl66|) . Remark that 



E x = - Yh v (D%s, si) + h v (B Y D^s, Sl ) + Yh M (D%(a(s)), a( Sl )) 
-h M (B Y D^(a(s)), a ( Sl )) 

= -Yh v {D%s, Sl ) - h v ^ Y (s), Sl ^+Yh M (D A J(a(s)),a( Sl )) 
+ h M (R J ^ M Y a{s),a{s 1 y\ . 
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A similar computation shows that 



E 2 = (h v - a*h M ) (d x s,D y i,v sij - h M (v x (a)(s) , «(D/ V si)j 



= F/iy (£>xs, si) - y/i A f (a(-D^s), a(si)) + - a*fc M ) (R x ^ Y s, s x 



) 



- h M (v x (a)(s),a(D Y d > v s 1 )} 



and we obtain 



E 1 + E 2 = h M (v x (a)(s),D¥(a(si)) - a(D^ v Sl )) . 



(67) 



Combining (l6"B"j) with (I6"7j) we obtain ( 16"U1) . as required. 



□ 



Theorem [23] follows from Proposition [2H Lemma [25] and the following 

brackets: 



[<P x ,k<Pyk](Z) = [^,k M ^k M ](Z)~ \(t> x ,k4>yk}{s) = [^,k M ^k M ](a(s)) 
[feMskKZ) = [^,k M cf>^ s) k M ){Z), [cj> x Msk]{si) = [^,k M ^ (s) k M ](a( Sl )) 
[<t> s M x k]{Z) = [^ {s) ,k M ^k M }{Z)~ [0 a ,fc^fc](ai) = [</>% a) ,k M <j>%k M ] (a(si))~ 
[</> Sl ,fc0 S2 fc](Z) = [^^m^^M^)) A;0 S2 A;](s3) = K,W«*ir]W 



Remark 26. In the setting of Theorem[2ni it may be checked that the Chern 
connection D c of h preserves g, i.e. D c (g) = 0, if and only if D m (qm) = 
and D v (g v ) = 0. 

Example 27. We now construct an example where all conditions from 
Proposition [7] and Theorem [23] are satisfied and hence the *-equations hold 
on V. Consider a complex semisimple Frobenius manifold (M, o M , eu, gu) 
with metric potential rj in canonical coordinates (u 1 , ■ ■ ■ ,u n ). Define a di- 
agonal real structure ku on T 1,0 M, like in Example [5TJ Let V — > M be 
a rank n-holomorphic vector bundle and assume there is an (holomorphic) 
bundle isomorphism a : V — > T 1,0 M. Identifying V with T 1,0 M using a, we 
obtain a multiplication o v and a real structure ky on V, induced by o M and 
ku respectively. Let gy := k a*gM, where k G K \ {1} is fixed. Note that 
gy — a*pA/ = (fco — l)a*^M is non- degenerate and gy is compatible with ky. 
It remains to define the connection D. It is determined by the condition that 
an (holomorphic) section s of V is D-parallel if and only if a(s) has constant 
coefficients in the coordinate system (u 1 , ■ ■ ■ ,u n ). In this setting, we claim 
that all conditions from Proposition [7] and Theorem [23] are satisfied. This 
may be checked easily. For example, relation (|50|) follows from 



D 




_d_ 
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which, in turn, is a consequence of (I48p . Similarly, to prove ( l5"3"j) one remarks 
that the pseudo- Hermit ian metric hy := gy(-, ky) is given by hy = k a*h M 
and its Chern connection D v is related to D M by 

D v x s = u x D™ (a(s)) , VseT(V), VIgTm (68) 

and is flat (because D M is flat, see Example l2Tj) . From (1681) . T>(a) = and 
relation (153]) follows. In a similar way one may check the other conditions 
from Proposition [7] and Theorem [23] and hence the tt*-equations hold on V. 
Finally, remark that D(gy) ^ (unless rji are constant) and from Propo- 
sition [9j g is not an admissible metric on the F-manifold (V, o,ey). From 
Remark 126] the Chern connection of h preserves g (because D M (gM) = 
and D v (g v ) = 0. 

It is natural to ask if the Frobenius manifold (V = M x C r , o, ey, g) from 
Theorem [15] (with K = C) may be given a real structure k in the framework of 
this section, such that the tt*-equations hold. It turns out that imposing the 
tt*-equations in this setting is a very strong condition, due to the very special 
form of the morphism a from (the proof of) Theorem [15] More precisely, 
remark that if ku is a real structure on M (compatible with g^) and ky 
is a real structure on the trivial bundle V = M x C r — > M (compatible 
with g v ), such that a o ky = l; M o a, with a = X <S> &m as in the proof 
of Theorem [TBI then k M (eM) is a constant multiple of 6m- However, this 
fact, together with the £t*-equations on M (which, according to Theorem 1231 
is a necessary condition for the tt*-equations to hold on V) impose strong 
restrictions on the base Frobenius manifold (M,o Ml eM, ^m), as shown in the 
following proposition (the condition D(g) = below holds for a large class of 
rt*-structures, e.g. CV-structures or harmonic Frobenius structures [51 [TT]). 

Proposition 28. Assume that the tt* -equations hold on a complex Frobenius 
manifold (M, o, e, g) with real structure k, compatible with g, and k(e) = \xe, 
where // is a constant. Assume, moreover, that the Chern connection D of 
h = g(-,k-) preserves g. Then the Frobenius manifold (M, o,e,g) is trivial, 
k is constant in flat coordinates for g and satisfies 

k(Z 1 oZ 2 ) = fik(Z 1 )ok(Z 2 ), \/z u z 2 eTlf. (69) 

Proof. Since D preserves g and h, it preserves k as well (i.e. Dx{k(Y)) = 
k(DxY), for any Y e T^f and complex vector field X). From k(e) = /ie, 

liD z e = D z (k(e)) = k (B 2 e) =0, VZ G 

where we used that e G 7m- Thus, D(e) = 0, ^ 2 (e) = and, from the 
second t£*-equation, 

i<Pz 1 ,A](e) = 0, VZ ll Z 2 eTlf, (70) 
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where <f>x{Y) = —X o Y is the Higgs field and <^ = k<p z k is the /i-adjoint of 
(j). Relation (170]) implies ( 150]) (easy check) and also </>t = j2(p k ^, hence 

[0 Zl ,4j = o, yz 1 ,z 2 er^°. (7i) 

From ( 1711) and the second tt*-equation again, we obtain that D is flat. Con- 
sider a local frame {Z\, • ■ ■ , Z n } of T 1,0 M, formed by D-parallel (holomor- 
phic) vector fields. Remark that k{Zj) are also D-parallel and, in particular, 
holomorphic. We claim that [Zi,Zj] = 0. This follows from the first tt*- 
equation, which implies 

= {d D cf) Zi>Zj {e) = D Zi (<P Zj )(e) - D^^e) + [Z h Z 3 \ = [Z h Z s \, 

where we used D(Z i ) = D(e) = 0. Since g(Zi,Zj) is constant (because 
D(g) = 0, D(Zi) = 0) and Zi are holomorphic and commute, {Z\, ■ ■ ■ , Z n } is 
the basis of fundamental vector fields associated to a flat coordinate system 
(t 1 , • • • ,t n ) for g. Also, _D( 1>0 ) coincides with the Levi-Civita connection V 
of g. Thus Zi and k(Zi) are V-parallel, hence k is constant in the coordinate 
system (t 1 ,--- ,t n ). It remains to show that o is also constant in this coor- 
dinate system, i.e. Zi o Zj is V-parallel, for any For this, we apply d z 
to relation (169]) . We obtain, for any Z G T^'°, 

B z {k{Z t o Z s )) = p,8 z (k(Z t )) o Z 2 + ftZ, o d z (k(Zi)) + Jid z {o) {k{Z x ),k{Z 2 )) 

and the right hand side of this expression is zero (d z (o) = because o is 
holomorphic). We proved that Zi o Zj is D-parallel, hence also V-parallel, 
and the Frobenius manifold is trivial. □ 
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